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ABSTRACT: In thispaper we prove a common fixed point theorem in intuitionistic fuzzy metric spaces using
the notion of weakly compatible. B.P. Tripathi, G.S. Saluja, D.P. Sahu and N. Namdeo [21] point out results
of M. Koireng and Yumnam Rahen [10] on compatible mappings of type (P) in fuzzy metrics paces into
intuitionistic fuzzy metric spaces with same terminology and notations. In this paper we generalized the result
of B.P. Tripathi, G.S. Saluja, D.P. Sahu and N. Namdeo [21].

[.INTRODUCTION

Fuzzy set theory was introduced by Zadeh in 1965
[24]. Many authors haveintroduced and discussed
several notions of fuzzy metric space in different
ways[11], [5], [6] and also proved fixed point theorems
with interesting consequent results in the fuzzy metric
spaces [7]. Recently the concept of intuitionistic fuzzy
metric space was given by Park [13] and the subsequent
fixed point results in the intuitionistic fuzzy metric
spaces are investigated by Alaca et a. [1] and
Mohamad [12] (see, also [2], [3], [18] and [23]).

. PRELIMINARIES

The study of fixed points of various classes of
mappings have been the focus of vigorous research for
many Mathematicians. Among them one of the
important result in theory of fixed points of compatible
mappings was obtained by G. Jungck [8] in 1986. Since
then there have been a flood of research papers
involving various types of compatibility such as
Compatible mappings of type (A)[9], Semi-
compatibility [4], compatible mappings of type (P)
[14], compatible mappings of type (B) [16] and
compatible mappings of type (C) [17] etc. The
following definitions, lemma and examples are useful
for our presentations.

Definition 2.1 (See [19]). A binary operation : [0,1] x
[0,1] - [01] is continuoust-norm if the binary
operation  satisfying the following conditions:

(i) iscommutative and associative,

(i) iscontinuous,

(iiya 1=aforala [0,1],

(ivia b<sc dwheneveras<candb<dforalla, b,c,
d [01].

Definition 2.2 (See [19]). A binary operation : [0,1] x

[0,1] - [0,1] is continuoust-conorm if the binary

operation satisfying the following conditions:

(i)¢ is commutative and associative,

(ii)0 is continuous,

(iiya0=aforalla [0,1],

(iv) &b < c0d whenevera<cand b <d forall a, b, c, d
[0,1].

Definition 2.3 (See [1]). A 5- tuple (X, M, N,

called aintuitionistic

fuzzy metric space if X is an arbitrary set, is a

continuous t-norm, is a continuoust-conorm and M, N

are fuzzy sets on X?x(0,0) satisfying the following

conditions: forall x,y,z Xands t>0

(IFM -1) M(x, y,t) +N(x, y,t) < 1,

(IFM —2) M(x, y,0) =0,

(IFM =3) M(x, y,t) =1 ifand only if x = y,

(IFM =4) M(x, y,t) = M(y, x,1),

(IFM =5) M(x, y,t)  M(y,z,9) < M(X,Z,t +s),

(IFM =6) M(X, y,.): (0,00) - (0,1] is left continuous,

(IFM =7) lim_ , M(x, y,t) = 1,

(IFM -8) N(x, y,0) = 1,

(IFM -9) N(x, y,t) =0 ifand only if x = y,

(IFM =10) N(x, y,t) = N(y, x,1),

(IFM —11) N(x, y,t)0 N(y,z,s) < N(x,z,t +3),

(IFM =12) N(x, v,.): (0,0) — (0,1] is right continuous,

(IFM =13) lim_ , N(x, y,t) = 0.

Then (M, N) is caled an intuitionistic fuzzy metric on

X. The functions

M(x, y, t) and N(x, vy, t) denote the degree of nearness

and the degree of nonnearness between x and y with

respect to t, respectively.

,0) is
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Remark 2.4. Every fuzzy metric space (X, M, )isan
intuitionistic fuzzy metricspace of the form (X, M,
1-M, ¢ ) such that t-norm  and t-conorm® are
associated, that is, x0 y = 1-((1-x) (1-y)) for all x, y
X.

Example 2.5. (Induced intuitionistic fuzzy metric
space) Let (X, d) be a metric space. Define a b = ab
and &b = min{1, a+b} for al a, b [0,1] and let My
and Ny befu7zy sets on X2 x(0,0) defined as follows:

Ma(X, y,t) =———

t+d(xy)’
__dxy)
Na(X, y.t) = t+d(xy)
Then (X, My, Ng, 0 ) is an intuitionistic fuzzy metric

induced by metric d the standard intuitionistic fuzzy

metric space.

Definition 2.6 (See [1]). Let (X, M, N,

intuitionistic fuzzy metric

space. Then

(8) A sequence {x,} in X is said to be convergent to a

point x in X if and

only if limn- o M(X,, x,t)

Oforeacht>0.

(b) A sequence {x,} in X is called Cauchy sequence if

limy.e M(Xnep, X,t) = 1 and limp_w N(Xnp, X,t) = O for

eachp>0andt>0.

(c) Anintuitionistic fuzzy metric space (X, M, N, ,9)

issaid to be complete

if and only if every Cauchy sequencein X is convergent

inX.

Lemma 2.7 (See [20]). Let {x,} be a sequence in an

intuitionistic fuzzy metric space (X, M, N, , 0) with t
t=tand (1-t) ¢ (1-t) < (1-t) forallt [0,1].

If there exists a number g (0,1) such that M(Xy.o,

Xn+1,qt) 2 M(Xn+la Xnyt)

and N(Xn+2, Xn+1,0t) < N(Xp41, Xn,t) for all t > 0 and n

N, then {x,} isa

Cauchy sequencein X.

Proof. Fort>0andq (0,1) we have,

aM (X2, X3,0t) = M(Xy, X,t) = M(Xo, Xlaé),

or

M (X2, Xa,t) 2 M(Xq, Xlx;%)'

By smpleinduction, we have forall t>0andn N,

M (X1, Xns2:t) 2 M(X, Xzyqin}-

Thus for any positive number p and real number t > 0,
we have

M (Xn, Xnspt) = M(Xp, xnﬂ,g) *
(IFM-5),

, ) be an

=1 and limn- o N(X,, x,t) =

t
M(Xn+p—ly Xn+p$;)a by

t
= M(Xl, XZ,F) 1.

Therefore by (TFM —7), we have
M (X, Xnspit) 2 1 1>1.

t
M (X1, Xz,arp_ﬂ-

Similarly, fort>0andq (0,1), we have
N(XZ’ X3’qt) < N(Xl! X21t) < N(XOl Xl&é)a
or
N(XZ! X3!t) < N(XO! Xl&%)‘
By simpleinduction, we have forallt>0andn N,
N(Xn+ly Xn+21t) < N(le XZa;%)-
Thus for any positive number p and real number t > 0,
we have
N(Xni Xn+p!t) = N(Xn! Xn+1s§) Qe ON(Xn+|1—I-: Xn+py§)a by
(IFM -11),

< N(Xq, X2'pq =) 0 O N(Xq, x2,
by (IFM —13), we have
N(Xn, Xnap,t) < 00 ...... ¢0<0.
Thisimplies that {x,} is a Cauchy sequence in X. This
completes the proof.
Lemma 2.8 (See [20]). Let (X, M, N,
intuitionistic fuzzy metric
space. If x,y X andt > 0 with positive number q
(0,1) and M(x, y,gt) =M(X, y,t) and N(X, y,qt) < N(X,
y,bt), thenx =y.

). Therefore

qntr-2

, ) be an

Proof. If for all t > 0 and some constant (0,1), then
we have
M 32 M 1) 2 M 0 2 MG 3

and
N(X1 y’t) < N(X, y!é) =< N(X, yx;tj) =< N(Xl y:;t;) =

n Nandforalt>0and X,y ~ X. Whenn — o, we
have M(x, y,t) =1

and N(x, y,t) = 0 and thus x = y. This completes the
proof.

Definition 2.9 (See [22]). Two self-mappings A and S
of an intuitionistic fuzzy metric space (X, M, N, %)
are called compatible if

lim,,. ., M(ASx,, SAx,, t) = 1 and
lim,,.,, N(ASx,, SAx,,t) =0

whenever {x,} is a sequencein X such that lim,,_ , Ax,,
=1lim,,. . Sx, = x forsomex X.

Definition 2.10. Two self mappings A and S of an
intuitionistic fuzzy metric

spece (X, M, N, =, 0) are called compatible of type (P)
if

lim,,.. . M(AAX,, SSx,,, t) =I

lim,, . (AAx,, SSx,,t) =0

Whenever {x,} is a sequence in X such that
lim,_ ., Ax, =lim,_, Sx, = x forsomex X.
Theorem 2.11. Let (X,M,N, 0) be a complete
intuitionistic fuzzy metric spaceand let A, B, Sand T be
self-mappings of X satisfying the following conditions:
() A(X)  T(X),B(X) S(X),

(if) Sand T are continuous,
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(i) The pars {A,S} and {B,T} are compatible

mappings of type (P) on X,

(iv) Thereexistsq (0,1) such that for al x,y X and

t>0,

M(AX,By,qt) = M(Sx,Ty,t)
M(AX, Ty, t)

And

N(AX,By,qt) = N(Sx,Ty,t) ¢ N(AX,Sxt) ¢ N(Bx,Ty,t)

ON(AX, Ty, t)

Then A, B, Sand T have a unique common fixed point

inX.

The aim of this paper is to extend Theorem 2.11 in the

framework of intuitionistic fuzzy metric space.

1. MAIN RESULTS

Theorem 3.1. Let (X, M, N, ©) be a complete
intuitionistic fuzzy metric spaceand let A, B, Sand T be
self-mappings of X satisfying the following conditions:

() A(X) T(X),B(X) S(X),

(i) Sand T are continuous,

(i) The pars {A,S} and {B,T} are compatible
mappings of type (P) on X,

(iv) Thereexistsq (0,1) such that for al x,y X and
t>0,

M(Ax,By,qt) = M(SX,Ty,t) + M(Ax,Sx,t) * M(BX,Ty,t)
: M(AX,Ty,t)

}.

M(AX,Sx,t) M(Bx,Ty,t)

{M(Sx.Ty,t) * M{Bx.Ty.t)} {M(Ax.Sx.t) + M{Sx, Ty t)
M(Ax Ty.t) M({Ax,Tyt)

and

N(AX,By,qt) < N(Sx,Ty,)0 N(AX,Sx,H)0 N(Bx,Ty,)?
N(Sx,Ty.t) & N(Bx,Ty.t) N(AXSX,t) ¢ N(Sx,Ty,t)

N(AX’Ty't)O{ 1-N(AxTyt) }O{ 1-N(AxTy.t) b

Then A, B, Sand T have a unique common fixed point

inX.

Proof. Since A(X) T(X) and B(X)

define a sequence{y,} such that

Yonr1 = T Xon-1 = AXonz @0 Yon = SXon = BXon1, N N

We shall prove that {y,} is a Cauchy sequence. From

(iv), we have

S(X). We

M(Yzn+1, Yone2,9t) = M(AX20,BX2041,0t)
2 M(SXZH-JT X2n+lst) *M(/\Xm,SX:nJ)* I\’I(BXEMLT X2n+1vt)
- M (AXon, T
A B 7w rever e ol
M(szmsxzrpt)*M':szanI2n+'l:t)}

M{Ax27,Tx2p41,8) '
= M(¥an, Yane158) * M(Yaui1, Youol)
M(Vani2, Yanitst) * M(¥an1. Yanes,f)
_{M(}'ZHJJ’Zﬂ+1|t) *M(szmz-}‘zm-ut)}

M(¥znt1¥an+1.t)
{ M(Yan+ 1Yz D*M(VenVant1.t) }

M(¥zn+1.¥2n+1.t)

2 M(Yan, Yoneit) MYant1, Yone2it) M(Yan, Yanert)

M (YZn+21 YZn+1at)

which implies

M(y2n+1a y2n+21qt) 2 M(yZna y2n+1at) M (y2n+1y YZn+2at)-
Similarly, we have

M(y2n+2a y2n+3yqt) 2 M(y2n+1a y2n+21t)-

Hence, we have

M(yn+1! Yn+2'qt) 2 M(yn! Yn+1't)- (1)

Now

N(Yan+1, Yons2,0t) = N(AX20,BX2441,qt)

2 N(SXZmT X2n+l\t)o.N(AXEmSXEmt)O N(BX2I1+11'I‘X3H|]={) <>
N(AXQH,TXZH—i,t}O{N(sxzanxzn-'—ljt)o N(81271+1,TX2“+-|,T}}<>r

1-N(Ax2n,TX2n+1.t) t
N(AX2n,Sx20, ) IN(SX20n. TX 204 1.8)

l_N(AIZTI'T:IZ?I‘F'lJt) f
= N(}’gn, }’:nT:J)_O N(y;’nfls yEszt)
ON(Yan:2, Yans1.0) © N(Vans1, Yanea)
0 {N{y2ﬂ:3’2ﬂ+bt) ON(Yant+2:¥2n4+1.0) 10

1-N(¥an+1¥an+1.t)
{ N(¥an+1. Y2t ON(V2nY2nt1.t) }

1-N(¥2n+1.¥2n+1.t)

2 Nz, Yawwt) O N(Vowa Yo )ON(Yan Yone1,tR

N(Yans2, Yon1,t)

which implies

N(Yane1, Yore2,Gt) 2 N(V2n, Yonet, )0 NV onet, Yonea ).

S|m| larly! we ha\/e N(y2n+2! y2n+3!qt) 2 N(y2n+l! y2n+21t)'

Hence, we have

N+ Y2, Gt) 2 NV, Y1) 2

Equations (1) and (2) show that {y,} is a Cauchy

sequence.

Since X is complete, {y,} converges to some point z

X and so sequences

{AXon-2}, {Sxan}, {BXan-1} and {Txzn-1} also converge

to z

Then, we have

AAXor2 — Sz and SSx,, » Az, (3)

and

BBxop-1 —» Tz and TT Xon-1 — BZ. (4)

From (iv), we get

M(AAX20—2|BBX2n—1aqt) 2

M(AszTl—zssAXZJI—lst)

*M(BBX,, 1, TBX2y 1,0 *M(AAXs, 2, TBXora,t) {

M(SA2n-2.TEyp-1.8)* M{BBan_1.TBan-1 ,t)} o
M{AA2n-2,TB2n—1.t)

M(AAzn—2.542n-1.0*M(SAzn_2.TBan_1.t)
M({A4zn—2.TBan—1.t)

M (SAXZn-Q ,TBXZn-l ,t)

}

Using (3) and (4) and taking the limit asn - o, we
have
M(Sz,Tz,gt) =2 M(Sz,Tzt) * M(Sz,Sz,t)

M(Tz, Tz,t)
M(Sz,T zt)* M(T z,T z,t) M(Sz,5z,t)= M(Sz,T z.t)
M(Sz.Tz) { M(Sz,T z,t) 3 M(Sz,T z,t)
}
>M(SzTzt) 1 1 M(SzTzt) 11
> M(Sz,Tz,t)
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implies
M(Sz, Tz,gt) = M(Sz,Tzt).
Similarly,
N(AAXQn—ZsB BXan-1 :qt) 2
ON(AAXEH—ZaSAxln 1 .1)
ON(BBXEH hTBxﬁn 1?I)ON(AAX2n 21TBX2n-1!t)<>{
N(SA2n—3TBan-1D¢ N(332n-1-Tan—1»t)} o{
1-N(AAzn—2,TBan—1.t)
N(AA211—2-5A2n—1at)‘JN(5‘42n—2-732n—1:t)}
1-N(AAzn-2.TB2n—1.t)
Using (3) and (4) and taking the limit asn - oo, we
have
N(Sz,Tz,qt) = N(Sz,Tz,t)0 N(SzSz.})

ON(Tz,Tz,t)

ON(SZ,TZ,t)O{N(SZ'TZI)O‘N(T zT z,t)}o{ N(Sszz,t)? N(Sz,Tz,t)}
1= N(Sz,T z,t) 1-N(Sz,T z,t)

> N(Sz,Tzt) ¢ 00 0ON(Sz,Tz1)0N(Sz, Tz1) ON(Sz,

Tzt)

> N(Sz,Tzt)

implies

N(Sz,Tz,qt) = N(Sz,Tz,t).

It follows that

Sz=Tz (5)

Now, again from (iv), we have

M(AZ,BTXz, 1,qt) = M(SZ, TTxpn 1,t) * M(AZ,Sz1)

#M(BTxXzy1, TTX2p-1,0)*M(AZ, TT X5, 1,t)%
M(5z,TT2n—1.0)+ M(BTZH—LTTZH—'[:':)} { M(AzSz,t) M52, TTan-1,t)
M(AZTTyn—1,t) M(AZTT29—1,t)

N(SAXzr2, TBXan1,t)

}

Using (3) and (4) and taking the limit as n - oo, we
have
M(Az, Tz,qt) > M(Sz,Sz.) M(Az, Tzt)

M(Tz, Tz,t) * M(Az,
T2 (AN Qe
>1 M(Az Tzt) * L *M(Az, Tzt)
> M(Az,Tzt)
Implies
M(Az,Tzqt) = M(AzZ,Tz,t).
Similarly,
N(AZ,BT Xa,-1,qt) = N(Sz,TT x5,-1,1) © N(Az,Sz,1)
ON(BT Xap-1, T T Xop-1,t) ON(AZ,TT

N(S2TTan-1,00 N(BTon—1.TTan-1.0),
X2n-1,0)04 1-N(AzTTzp—1.t) } {
N(Az,Sz,)IN(SZTTan-1,t)

1-N(AzTTon—1.t)

1

Using (3) and (4) and taking the limit as n - oo, we

have

N(AZ,Tzqt) = N(Sz,Sz,1) ¢ N(AZ, Tz1)

ON(Tz,Tz,t) 0
N(Sz,Tz,t)* N(TzTzt) N(AzSzt)* N(Sz,Tzt)

N(AZ'TZ't)O{ ( 1-N(Az,Tzt) 3o{ ( 1-N(AzTzt) }

2 0ON(Az,Tz,t) ¢ 0ON(Az, Tz1)$0 O NifAz, Tzt)

> N(Az, Tz,t)

ImpliesN(Az, Tz, qt) < N(Az, Tz,t).

It follows that

Az=Tz (6)
Now from (iv) and using (5) and (6), we have
M(Az, Bz, qt) = M(Sz, Tz,t) + M(Az,Sz,t)* M(Bz, Tzt)

M(Az,
M(Sz,Tz,t)= M(B z, Tzt M(AzSz,t)+ M(Sz, Tzt
Tzt ( M(f)lz,Tz(,t) )} { ( M(A)Z,T'z,(t) )}
=M(Az,Azt) *M(Az,Azt) M(Bz,Azt) * M(AZ,AzZ)
>1 1 M(BzAzt) 1 M(BzAzt) 1
> M(Az,Bz,t)
Implies
M(Az,Bz,qt) = M(Az,Bz,t).
Similarly,
N(AzBzqt) = N(Sz, Tzt) ¢ N(Az,5z,t)0N(Bz, Tzt) ¢
N(AZ, TZ,t){ N(Sz,Tzt)d N(BzT z,t)}o{ N(AzSzt)) N(Sz,T z,t)}

1- N(Az,T z,t) 1-N(Az,T z,t)

=N(Az,Az1) ON(Az,Az,t)0 N(Bz,Az,t) ¢ N(Az,Azt)
= 00 0ON(Bz,Az,t) ¢ 00 N(Bz,Az,1)¢ 0

> N(Az,Bz,)

Implies

N(Az,Bz,qt) < N(Az,Bz,t).

It follows that

Az=Bz (7)

From (5), (6) and (7), we have
Az=Bz=Tz=Sz

Now, we shall show that Bz = z.
Again from (iv), we have
M(AX2,BT 2z,qt) = M(SXy,Tz1)
M(BTzTzt)

'M(Za
M(Sx3p,Tz,)* M(BTz,Tz,t)
f 1
TZ,t)-)* t M(z,Tzt) ¥ {

M(AX20,5%27,t)* M(5x25,,TZ,t)
M(zTzt) }-

Using (8) and (6) and taking the limit as n - o, we

have

M (AXZn-SXZn,t)

M(z,Bz,gt) = Mi(z, Tzt) « M(zzt) M(BzTzt)
M(z,Tz,t)
M(zT z,t)* M(B z,T z.t) M(z,z,t)* M(z,T z,t)
{ M(z,Tzt) } { M(z,T zt) }
=M(z,Bz,t) * L * M(AZ,Azt) *M(z,Bz,t) 1 1
> M(z,Bz,t)
implies
M(z,Bz,qt) = M(z,Bz,t).
Similarly,
N(AXo,BTz,gt) = N(SX2q,TZt) ¢ N(AXgn,SXop, tX
N(BTzT zt)
ON(z,
TZ't)o{N(sxm,Tz,t)o N(BTZ,Tz,t)} ﬂ{ N(AX27,5%2 7,00 0N(5x25,TZ,t)

1-N(z,Tzt) 1-N(z,Tzt)

}.
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Using (5) and (6) and taking the limit as n - oo, we
have

N(zBzgt) > N(z, Tzt)ON(zz)0 N(BzTzt)ON(z,

Tz, )¢
e i
= N(z,Bz,t) O 00 N(Az,Az,t)

ON(z,Bz,t)0N(z,Bz,t)ON(z,Bz,t)

> N(z,Bz,t) Implies

N(z,Bz,qt) < N(z,Bz,t).

It follows that

Bz=1z (8)

Thus from (8), z=Az=Bz=Tz=Szand hencezisa

common fixed point of the mappings A, B, Sand T.

Uniqueness,

Let w be another common fixed point of A, B, Sand T.

Then

M(z,w,qt) = M(Az,Bw,qt)

= M(Sz,Tw,t) * M(Az,Sz,t): M(Bw,Tw,t) *sM(Az,Tw,t)
M(Sz,T w,t)* M(B w,T w,t) M(Az,Sz,t)* M(Sz,T w,t)

{ M(Az,T w,t) } { M(Az,T w,t) }

> M(z,w,t)

Implies

M(z,w,qt) = M(z,w,t).

And

N(z,w,qt) = N(Az,Bw,qt)

< N(Sz, Tw,t)0 N(Az,5Z,1)ON(Bw, Tw,t)0 N(AZ, Tw,t)
N(Sz,T w,t)¢ N(B w,T w,t) N(AzSz,t)0 N(Sz,T w,t)

{ 1-N(Az,T w,t) }0{ 1-N(Az,T w,t) }

< N(z,w,t)

Implies

N(z,w,qt) < N(z,w,t).

Hence z = w. This completes the proof.

Corollary 3.2. Let (X, M, N,
intuitionistic fuzzy metric
space and let A, B, S and T be self- mappings of X
satisfying the conditions
(i)-(iii) of Theorem 3.1 and there exists g
that for all x,y X andt > 0,
M(AXx,By,qt)
2 M(Sx,Ty.t) *M(Ax,Sx,t) *M(By.Ty,t) *M(BY,Sx,2t)

M(AX,Ty,t)

{M(Sx.'l" v.t)* M(By,T y,t)} { M(AxSx,t)* M(Sx,T y.t),

M(Ax,T y,t) M(Ax,T y,t)

, 0) be a complete

(0,2) such

and
N(AX,By,qt)
< N(Sx,Ty,t)0 N(AX,SX,1)0 N(By,Ty,t)0 N(By,Sx,2t)¢
N(AX,Ty,t)0
(NEXTYDONB YTy, o NAXSKOONESKT yi),
1- N(Ax,T y,t) 1- N(Ax,T y,t)

Then A, B, Sand T have a unique common fixed point

inX.

Corollary 3.3. Let (X, M, N,

intuitionistic fuzzy metric

space and let A, B, S and T be self- mappings of X

satisfying the conditions (i)-(iii) of Theorem 3.1 and

thereexistsq (0,1) suchthat foral x,y X andt>O0,

M(AXx,By,gf) = M(Sx,Ty,t) and N(AxBy,qt) <

N(Sx,Ty,t).

Then A, B, Sand T have a unique common fixed point

inX.

Corollary 3.4. Let (X, M, N,

intuitionistic fuzzy metric

space and let A, B, S and T be self- mappings of X

satisfying the conditions

(i)-(iii) of Theorem 3.1 and there exists q

that for all x,y X and

>0,

M(AX,By,qt) = M(Sx,Ty,t) M(Sx,Ax,t) M(AX,Ty,t)

and

N(AX,By,qt) < N(Sx, Ty, )0 N(Sx,Ax,1)0 N(AX, Ty,t).

Then A, B, Sand T have a unique common fixed point

inX.

Theorem 3.5. Let (X,M,N, 0) be a complete

intuitionistic fuzzy metric space. If S and T are

continuous self- mappings of X, then mappingsSand T

havea common fixed point in X if and only if there

exists a self- mapping A of X satisfying the following

conditions:

(i) AX)  T(X)NS(X),

(ii) the pairs{A,S} and {A,T} are compatible mappings

of type (P) on X,

(i) there exists q

>0,

M(AX,Ay,gt) = M(Sx,Ty,t)
M(AX,Ty,t)

and

N(AXAy,qt) < N(Sx,Ty,t)0 N(AX,Sx,t)0 N(Ay,Ty,t)¢

N(AX,Ty,t).

Then A, Sand T have a unique common fixed point in

X.

Proof. Necessary part. Let S and T have a common

fixed point in X, say z, then

Sz=2z=Tz Let Ax = z for al x

T(X)nS(X) and we know

that {A,S} and { A, T} are compatible mappings of type

(P), infact A°S=SeAand A - T =T - Aand hence the

conditions (i) and (ii) are satisfied. For someq

(0,1),we have M(AxAyqgt) =1 = M(Sx,Ty,t)

M(AX,Sx,t) M(AyY,Ty,t) M(AX,Ty,t)

0 ) be a complete

, ©) be a complete

(0,2) such

(0,2) such that for al x,y X andt

M(AX,Sx,t) M(Ay,Ty,t)

X, then A(X)
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and
NAXAy,gt) = 0 < N(SXTyt)0 N(AxSx)0
N(AyY, Tyt N(AX,Ty,t)

foral x,y X andt > 0. Hence the condition (iii) is
satisfied.

Sufficient part. Let A = B in Theorem 3.1. Then A, S
and T have aunique

common fixed point in X. This completes the proof.
Corollary 3.6. Let (X, M, N, 0 ) be a complete
intuitionistic fuzzy metric

space. If Sand T are continuous self-mappings of X,
then mappings Sand T have a common fixed point in X
if and only if there exists a self-mapping A of X
satisfying the conditions (i)-(ii) of Theorem 3.5 and
thereexistsq (0,1)such that for al x,y X andt> 0,
M(Ax,Ay,qt)

> M(Sx,Ty,t) M (AX,Sx,t) M(Ay,Ty,t)
M(Ax,Sx,2t) M(Ax,Ty,t) and

N(AX,Ay,qt)

< N(Sx, Ty, )¢ N(AX,Sx,t)0 N(Ay, Ty, )0 N(AX,Sx,2t)0
N(AX,Ty,t).

Then A, Sand T have a unique common fixed point in
X.

Corollary 3.7. Let (X, M, N,
intuitionistic fuzzy metric

space. If Sand T are continuous self-mappings of X,
then mappings S and

T have a common fixed point in X if and only if there
exists a self-mapping A of X satisfying the conditions
()-(ii) of Theorem 3.5 and there exists @  (0,1)such
that forall x,y X andt>0,

M(AXAy,gt) = M(Sx,Ty,t) and N(AXAyq) <
N(Sx,Ty,b).

Then A, Sand T have a unique common fixed point in
X.

, 0) be a complete

Corollary 3.8. Let (X, M, N,
intuitionistic fuzzy metric

space. If Sand T are continuous self mappings of X,
then mappings S and

T have a common fixed point in X if and only if there
exists a self mapping Aof X satisfying the conditions
()-(ii) of Theorem 3.5 and there exists @  (0,1)such
that forall x,y X andt>0,

M(AX,Ay,gt) = M(SX,Ty,t) M(Sx,Ax,t) M(AX,Ty,t)
And

N(AX,Ay,qt) < N(Sx,Ty, )0 N(AX,Sx,t) ON(AX,Ty,t).
Then A, Sand T have a unique common fixed point in
X.

0 ) be a complete

Example 39. Let X = {1/n: n N} {0} with
continuous t-norm and continuoust-conorm defined by
a b=abanda0b = min{l,a+b} respectively, for a, b
[0,1]. For each t € [0,.0) and X,y X, define (M,N) by
M(x, y,t) = ift>0,

t+ lx=y |
=0, ift=0.

And

N(x, y.t) =

1x=y |

ift>0,
t+ lx=y |

=1,ift=0.
Clearly (X, M, N, ,9) is an intuitionistic fuzzy metric
space.
Define A(x) = B(x) = x6and S(x) = T(x) = x?on X. Itis
clear that A(X) T(X) and B(X) & S(X).

Now
_ t/3 2t t _
M(AX,By.U/3) _§+—'x;y' 2t+ x-y I‘t+——uc;}rI =M
Xl&’lt)l
And
NAXBY.YY) =rgys = srot—>mbeeN (T
3 5] 2
X,Sy,t).

Thus all the conditions of Theorem 3.1 are satisfied and
so A, B, Sand T have a unique common fixed point.
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